Abstract. A group is said to be power-commutative (P C) if the commutativity of nontrivial powers of two elements implies the commutativity of the two elements. Our aim is to classify locally nite PC-groups.
nite elds of characteristic 2, they can only be groups of prime exponent (see Theorem 9) .
It should be pointed out here that the terminology \power-commutative" has appeared in the literature, but the de nition used in the paper of Levin and Rosenberger 9] is di erent from ours.
Basic Properties
First observe that subgroups of a PC-group are still PC and the de nition of a group G being PC is equivalent to the statement that C G (g) = C G (g n ) for each g 2 G with g n 6 = 1. We begin with a useful result showing that the commutativity relation among certain elements of a PC-group is transitive. Lemma 1. Let G be a PC-group and let a; b, and c be three nontrivial torsion elements of G with jbj not dividing both jaj and jcj. If The structure of nite p-groups which are PC is in fact quite restricted.
Theorem 2. A nite p-group is PC if and only if it is abelian or has exponent p.
Proof. We need only prove the necessity. Assume the theorem is false and let G be a counterexample with smallest order. If every maximal subgroup has exponent p, then G is either cyclic or has exponent p, which contradicts the assumption. So there exists an abelian maximal subgroup M, say We characterize PC-groups in terms of the behavior of centralizers. The following theorem implies that the class of nite PC-groups lies strictly between the classes of nite CT-groups and nite CN-groups. Theorem 4. A nite group is a PC-group if and only if the centralizer of each nontrivial element is abelian or of prime exponent.
Proof. The su ciency is clear. Now let G be a nite PC-group, let a be a nontrivial element of G, and put C = C G (a). Since C G (a) = C G (a n ) for all a n 6 = 1, we may assume that a has prime order p. If says that each factor of R has a subgroup isomorphic to S 3 , and since a direct product of more than one copy of S 3 is not PC, we have R ' PSL(2; 2 n ), n > 1. We will complete the proof by showing that G = R. If has order (2 n=p ? 1)(2 n=p + 1) which is smaller than 2 n + 1 when p > 2. We conclude that G ' PSL(2; 2 n ), n > 1, so G is simple.
Remark. Finite simple PC-groups coincide with nite simple CT-groups (cf.
17]).
In order to classify nonsemisimple PC-groups, the de nition of xedpoint-free automorphism groups is needed. An automorphism of a group is called xed-point-free if it has as the only xed point the identity. A group H acts on a group G xed-point-freely if every nontrivial element of H is a xed-point-free automorphism of G. (1) if (jF j; jG=Fj) = 1, then G = hxi n F where F is abelian or a group of prime exponent and hxi acts on F xed-point-freely; (2) if p 2 (F ) \ (G=F ), then G = (hui n hxi) n F where huiF is a nonabelian group of exponent p, and hui and hxi act respectively on hxi and on F xed-point-freely.
Remark. The theorem should be compared with that for CT-groups in 17] and more generally with 3-step groups in 2, Theorem 1.5, Chap. 14].
Proof. F is nontrivial since G is nonsemisimple. By Theorem 4, when G is a nite PC group, we have that C G (F ) is a normal nilpotent subgroup and so C G (F ) = Z(F). Now the proof follows essentially from that of the classi cation of locally nite solvable PC-groups (Theorem 8).
The following example supports the existence of groups of the second type. The idea of the example comes from 10, Proposition 17.6]. Recall that in a solvable group, the Fitting subgroup is self-centralizing. (1) if (F ) \ (G=F ) = ;, then G = X n F where F is an abelian locally nite group or a locally nite group of prime exponent and X is a locally nite-cyclic group acting on F xed-point-freely; (2) if p 2 (F )\ (G=F ), then G = (U nX)nF where UF is a nonablelian locally nite group of exponent p, and U and X are locally nite-cyclic groups acting respectively on X and on F xed-point-freely.
Proof. Assume that G is a locally nite solvable PC-group. Note that the solvability implies that F is nontrivial and, in view of the remarks preceding the theorem, F is self-centralizing in G, i.e., C G (F ) = Z(F). By Theorem 2, each nite subgroup of F is either abelian or of prime exponent. It is easy to see that F is either abelian or of exponent p, for some prime p. is a nontrivial element f 1 2 F and f xf 1 = f 1 . Thus f x 1 and f 1 are conjugate in some nite subgroup of F. But x acts on F xed-point-freely, f 1 must be 1, a contradiction. Hence C ' CF=F < G=F and so C is abelian.
Case 2: We prove that G = (U n X) n F with properties as stated in the theorem is PC. The elements of the form u, f, ux, and uf have order p where u, x, f are nontrivial elements in U, X, and F, respectively.
For element of the form xf, where x 2 X, f 2 F, and x 6 = 1, by a similar argument as in Case 1, C = C G (xf) ' U nX, which is CT. Furthermore, C has a nontrivial center and hence C is abelian. It remains to check elements of the form uxf for nontrivial elements u, x, and f. It is easy to see uxf is a p-element since (uxf) p = (ux) p f (ux) p?1 + +(ux)+1 . If G is nite, all Sylow p-subgroups are conjugate and so have exponent p. Thus uxf has order p.
If G is in nite, we can nd a nite subgroup of G containing uxf. Thus uxf has order p as well, and this establishes the converse.
The classi cation of all locally nite PC-groups can now be established. Theorem 9. Let G be a locally nite group. Then G is PC if and only if one of the following holds:
(1) G is solvable and has structure described as in Theorem 8;  (2) G is isomorphic with some PSL(2; F) where F is a locally nite eld of characteristic 2; (3) G has prime exponent.
Proof. The proof of \if" part is clear. Thanks to Theorem 8, we may now assume that G is a locally nite PC-group which is insolvable. We must show G satis es either (2) 
